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BORIS KALININ* AND VICTORIA SADOVSKAYA** 

Abstract. We consider transitive Anosov diffeomorphisms for which every peri- 
odic orbit has only one positive and one negative Lyapunov exponent. We estabhsh 
various properties of such systems including strong pinching, C^^^ smoothness of 
the Anosov splitting, and smoothness of measurable invariant conformal struc- 
tures and distributions. We apply these results to volume preserving diffeomor- 
phisms with two-dimensional stable and unstable distributions and diagonalizable 
derivatives of the return maps at periodic points. We show that a finite cover of 
such a diffeomorphism is smoothly conjugate to an Anosov automorphism of T^. 
As a corollary we obtain local rigidity for such diffeomorphisms. We also establish 
a local rigidity result for Anosov diffeomorphisms in dimension three. 



1. Introduction 

The goal of this paper is to study Anosov diffeomorphisms for which every peri- 
odic orbit has only one positive and one negative Lyapunov exponent. Our main 
motivation comes from the problem of local rigidity for higher-dimensional Anosov 
systems, i.e. the question of regularity of conjugacy to a small perturbation. If / is 
an Anosov diffeomorphism and g is sufficiently close to /, then it is well known 
that g is also Anosov and topologically conjugate to /. However, the conjugacy is 
typically only Holder continuous. A necessary condition for the conjugacy to be 
is that Jordan normal forms of the derivatives of the return maps of / and g at the 
corresponding periodic points are the same. If this condition is also sufficient for any 
g which is close to /, then / is called locally rigid. The problem of local rigid- 
ity has been extensively studied, and Anosov diffeomorphisms with one-dimensional 
stable and unstable distributions were shown to be locally rigid [lU], [TT], [TB], [T7] . 

In contrast, higher dimensional systems are not always locally rigid. In [TTl [12] 
R. de la Llave constructed examples of Anosov automorphisms of the torus 
which are not conjugate to certain small perturbations with the same periodic 
data. One of the examples has two (un)stable eigenvalues of different moduli and 
the other one has a double (un) stable eigenvalue with a nontrivial Jordan block. 
This suggests that it is natural to consider local rigidity for automorphisms that 
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are diagonalizable over C with all (un)stable eigenvalues equal in modulus. For 
such an automorphism the expansion of the unstable and contraction of the stable 
distribution are conformal with respect to some metric on the torus. For the case of 
an Anosov diffeomorphism of a compact manifold, a more natural notion is that of 
uniform quasiconformality. It means that at each point all vectors in the (un) stable 
subspace are expanded/contracted at essentially the same rate (see Section [3l2|) . 

The study of local rigidity of conformal and uniformly quasiconformal Anosov 
systems was initiated in [12] and continued in [7| and [H]. It is closely related to 
the study of global rigidity of such systems, or their classification up to a smooth 
conjugacy. In [7J we established the following global rigidity result: 

[71 Theorem 1.1] Let f be a transitive C°° Anosov diffeomorphism of a compact 
manifold M which is uniformly quasiconformal on the stable and unstable distribu- 
tions. Suppose either that both distributions have dimension at least three, or that 
they have dimension at least two and M is an infranilmanifold. Then f is C°° 
conjugate to an affine Anosov automorphism of a finite factor of a torus. 

In the case of two-dimesional distributions, the additional assumption that M is 
an infranilmanifold can be replaced by preservation of a volume [2J. 

This theorem implies, in particular, that the conjugacy of such a diffeomorphism 
/ to a perturbation g is smooth if and only if g is also uniformly quasiconformal 
[3 Corollary 1.1]. Hence to establish local rigidity of / it suffices to show that any 
small perturbation with the same periodic data is also uniformly quasiconfor- 
mal. Establishing uniform quasiconformality is also the first step in [TTl [12] where 
smoothness of the conjugacy is obtained directly. 

The most general local rigidity result so far was for uniformly quasiconformal 
Anosov diffeomorphisms / satisfying the following additional assumption: 

for any periodic point p, df''^\E!>{p) = a^{p) ■ Id and df™-\E^{p) = a^{p) ■ Id, 
where m is the period of p, and E"^ are stable and unstable distributions, and 
a^(p), a*(p) are real numbers [121 E]- When one considers a perturbation g of f with 
the same periodic data, the derivatives dg"^\E'>{p) are again multiples of identity. 
Such a map preserves any conformal structure, i.e. induces the identity map on the 
space of conformal structures on E^{p). There is a major difference between this 
special case and the general one. Indeed, for a uniformly quasiconformal Anosov 
diffeomorphism / these derivatives are conjugate to multiples of isometrics, and are 
not necessarily multiples of identity. This gives surprisingly little information about 
dg"^\E>'{p)- It is still conjugate to a multiple of isometry, but one has no information on 
how such conjugacy varies with p. Such a map preserves some conformal structure, 
i.e. the induced map on the space of conformal structures on E^{p) has a fixed point. 
However, it may significantly affect other conformal structures. In particular, there 
is no control over quasiconformal distortion. This makes it difficult to show uniform 
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quasiconformality of g in the general case. Indeed, so far there have been no results 
related to quasiconformality or local rigidity for systems with such periodic data. 

In this paper we introduce some new techniques to study the case of general 
quasiconformal periodic data. We establish local, as well as global, rigidity for such 
volume preserving systems with two-dimensional stable and unstable distributions. 

We begin with the study of transitive Anosov diffeomorphisms for which every 
periodic orbit has only one positive and one negative Lyapunov exponent. We note 
that this assumption does not exclude the possibility of Jordan blocks and hence 
such systems are not necessarily uniformly quasiconformal. Still we obtain strong 
results for these systems which form the basis for further analysis. In particular, we 
establish continuity and smoothness of measurable invariant conformal structures 
and distributions. We apply these results to volume preserving diffeomorphisms 
with dim£^" = dim^^'' = 2 and diagonalizable derivatives of the return maps at 
periodic points. In addition, we use the Amenable Reduction Theorem. We thank 
A. Katok for bringing this result to our attention. In our context this theorem 
implies the existence of a measurable invariant conformal structure or a measurable 
invariant one-dimensional distribution for {E^). This allows us to establish 
uniform quasiconformality and hence local and global rigidity. We also obtain a 
local rigidity result for Anosov diffeomorphisms in dimension 3. 

We formulate our main results in the next section and prove them in Section HI 
In Section [3] we introduce the notions used throughout this paper. 

2. Statements of Results 

First we consider transitive Anosov diffeomorphisms for which every periodic or- 
bit has only one positive and one negative Lyapunov exponent, i.e. all (un)stable 
eigenvalues of the derivative of the return map have the same modulus. We do not 
assume that the derivatives of the return maps at periodic points are diagonalizable. 
This class includes systems which are not uniformly quasiconformal and not locally 
rigid. However, the following theorem shows that they exhibit a variety of useful 
properties. 

Theorem 2.1. Let f be a transitive Anosov diffeomorphism of a compact mani- 
fold M. Suppose that for each periodic point p there is only one positive Lyapunov 
exponent and only one negative Lyapunov exponent A^''. Then 

(1) Any ergodic invariant measure for f has only one positive and only one 
negative Lyapunov exponent. Moreover, for any e > there exists Ce such 
that for all x in M, and n in Z 

T^u( \ maxj II dP{v) \\ : veE'^jx), \\v\\^l } ^ ^i^i , 
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(2) The stable and unstable distributions E'^ and are C^^^ for some /9 > 0. 

(3) There exist C > 0, /? > 0, and 5o > such that for any 5 < 5q, x,y & M. 
and n G N with dist{f^{x), f\y)) < S for < i < n, we have 

\\{df:)-'odf^-Id\\<C6^. 

(4) Any f -invariant measurable conformal structure on E^ (E^) is . Measur- 
ability here can be understood with respect to the measure of maximal entropy 
or with respect to the invariant volume, if it exists. 

(5) // in addition f is volume-preserving , then any measurable f -invariant dis- 
tribution in E^ (E^) defined almost everywhere with respect to the volume is 
C\ 

Remark 2.2. To consider the composition of the derivatives in (3) we identify the 
tangent spaces at nearby points x and y. This can be done by fixing a smooth back- 
ground Riemannian metric and using the parallel transport along the unique shortest 
geodesic connecting x and y. Such identification can be adjusted using projections to 
preserve the Anosov splitting (or an invariant distribution). In this case the identi- 
fication will be as regular as the Anosov splitting (or the invariant distribution). 

Next we consider the case when dimii^" = dimii^* = 2. Now we assume that the 
matrix of the derivative the return map is diagonahzable. We note that the example 
given by de la Llave in [12] shows that this assumption is necessary in the following 
theorem and its corollary. The theorem establishes global rigidity for systems with 
conformal periodic data, and the corollary yields local rigidity. 

Theorem 2.3. Let M. be a compact ^-dimensional manifold and let f : ^ 
be a transitive Anosov diffeomorphism with 2-dimensional stable and unstable 
distributions. Suppose that for each periodic point p the derivative of the return map 
is diagonalizable over C and its eigenvalues A[^\ \^2 \ ^^t' satisfy 

IaS^^I = lA^^^I, |Af| = |Af|, and X^^hf \f\ = I. 

Then f is uniformly quasiconformal and its finite cover is C°° conjugate to an 
Anosov automorphism of T^. 

Note that the last condition on the eigenvalues is equivalent to the fact that / 
preserves a smooth volume \^ Theorem 19.2.7]. 

Corollary 2.4. Let M and f be as in Theorem\2^ and let g : M ^ M be a C°° 

Anosov diffeomorphism conjugate to f by a homeomorphism h. Suppose that for any 
point p such that f^{p) = p, the derivatives df '^ and dg'hf^^) have the same Jordan 
normal form. Then h is a C°° diffeomorphism, i.e. g is C°° conjugate to f. 

This corollary applies to any Anosov automorphism of which is diagonalizable 
over C and whose eigenvalues satisfy |Ai| = IA2I < 1 < IA3I = IA4I. 
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We also obtain local rigidity in dimensional three even though there is no global 
rigidity result for this case. 

Corollary 2.5. Let f be a C°° volume-preserving Anosov diffeomorphism of a 3- 
dimensional manifold M. Suppose that for each periodic point p the derivative of 
the return map is diagonalizable over C and two of its eigenvalues have the same 
modulus. Let g be a C°° diffeomorphism of M which is close to f and has the 
same periodic data. Then g is C°° conjugate to f . 

We note that the matrix of an Anosov automorphism of has either a pair 
of complex eigenvalues and a real eigenvalue or three real eigenvalues of different 
moduli. Corollary 12.51 applies, in particular, to the former case. The local rigidity 
for the latter case with (^i+HoWer smoothness of the conjugacy was recently proved 
by Gogolev and Guysinsky [3]. Thus Anosov automorphisms of are locally rigid: 

Corollary 2.6. Let f be an Anosov automorphism of T'^ and g be a C°° diffeo- 
morphism of which is close to f and has the same periodic data. Then g is 
(ji+Hoider conjugate to f. 

3. PRELIMINARIES 

In this section we briefly introduce the main notions used throughout this paper. 

3.1. Anosov diffeomorphisms. Let / be a diffeomorphism of a compact Riemann- 
ian manifold M. The diffeomorphism / is called Anosov if there exist a decomposi- 
tion of the tangent bundle TM into two /-invariant continuous subbundles and 
i?", and constants C>0, 0<A<1 such that for all n G N, 

\\df''{v)\\ < CX^v\\ for veE' and \\df~''{v)\\ < CX^'WvW for v G E". 

The distributions E'"^ and E^ are called stable and unstable. It is well-known that 
these distributions are tangential to the foliations VV^ and VF" respectively (see, 
for example |9J). The leaves of these foliations are C°° injectively immersed Eu- 
clidean spaces, but in general the distributions E^ and E^ are only Holder continuous 
transversally to the corresponding foliations. 

3.2. Uniformly quasiconformal diffeomorphisms. Let / be an Anosov diffeo- 
morphism of a compact Riemannian manifold M. We say that / is uniformly qua- 
siconformal on the unstable distribution if the quasiconformal distortion 

r^u(^ ^^ max{\\dnv)\\:v&E-{x), \\v\\ = l} 
l-^) "') - niin{ II II : veE"{x), \\v\\=l} 

is uniformly bounded for all n G Z and x G M. If K'^{x,n) = 1 for all x and n, 
then / is conformal on E^. Similarly, one can define the corresponding notions for 
E^, or any other continuous invariant distribution. If a diffeomorphism is uniformly 
quasiconformal (conformal) on both i?" and E'"^ then it is called uniformly quasicon- 
formal (conformal). An Anosov toral automorphism is uniformly quasiconformal if 
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and only if its matrix is diagonalizable over C and all its (un) stable eigenvalues are 
equal in modulus. 

Unlike the notion of conformality, the weaker notion of uniform quasiconformality 
does not depend on the choice of a Riemannian metric on the manifold. However, 
any transitive uniformly quasiconformal Anosov diffeomorphism is conformal with 
respect to some continuous Riemannian metric [191 Theorem 1.3]. 

3.3. Conformal structures. A conformal structure on M", n > 2, is a class of 
proportional inner products. The space C" of conformal structures on M" identifies 
with the space of real symmetric positive definite n x n matrices with determinant 
1, which is isomorphic to SL{n,M)/ SO{n,M.). GL{n,M.) acts transitively on C" via 

X[C] = (detX^X)-^/" X^CX, where X e GL{n,R), and C e C". 

It is known that becomes a Riemannian symmetric space of non-positive curva- 
ture when equipped with a certain (^^(n, R)-invariant metric. The distance to the 
identity in this metric is given by 

dist(Id,C) = ^ ((logAi)^ + ■ ■ ■ + (\ogXn)Y' , 

where Ai, . . . , A„ are the eigenvalues of C. The distance between two structures Ci 
and C2 can be computed as dist(Ci,C2) = dist(Id, X[C2]), where X[Ci] = Id. We 
note that on any compact subset of C" this distance is bi-Lipschitz equivalent to the 
distance induced by the operator norm on matrices. 

Now, let / be a diffeomorphism of a compact manifold M and let E C TM 
be a subbundle invariant under df with dimii^ > 2. A conformal structure on 
E{x) C T^M is a class of proportional inner products on E{x). Using a background 
Riemannian metric, we can identify an inner product with a symmetric linear opera- 
tor with determinant 1 as before. For each x G M, we denote the space of conformal 
structures on E{x) by G{x). Thus we obtain a bundle C over M whose fiber over 
X is G{x). We equip the fibers of C with the Riemannian metric defined above. A 
continuous (measurable) section of C is called a continuous (measurable) conformal 
structure on E. A measurable conformal structure r on E' is called bounded if 
the distance between t{x) and tq{x) is uniformly bounded on M for a continuous 
conformal structure Tq on E. 

The diffeomorphism / induces a natural pull-back action F on conformal struc- 
tures as follows. For a conformal structure T{fx) G Q{fx), viewed as the linear 
operator on E{fx), Fxir^fx)) G Q{x) is given by 

F.(r(/x)) = (det {{dUr o rf/.))-^/" {df^r o r(/x) o d/„ 

where {df^)* : Tf^M. — > T^JA denotes the conjugate operator of dfx- We note that 
Fx '■ Gfx ^ is an isometry between the fibers G{fx) and C(x). 

We say that a conformal structure r is /-invariant if F{t) = r. For an Anosov 
diffeomorphism /, a subbundle E can carry an invariant conformal structure only if 
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E G OT E C E^. Clearly, a diffeomorphism is conformal with respect to a Rie- 
mannian metric on E if and only if it preserves the conformal structure associated 
with this metric. If / preserves a continuous or bounded conformal structure on 
E then / is uniformly quasiconformal on E. If / is a transitive Anosov diffeomor- 
phism and E is Holder continuous then the converse is also true: if / is uniformly 
quasiconformal on E then / preserves a continuous conformal structure on E (see 
Theorem 1.3 in [19] and Theorem 2.7 in [8]). 



4. Proofs 

4.1. Proof of Theorem 12.11 Parts (l)-(5) of the theorem are proven in Propo- 
sitions 4.1-4.5 respectively. The propositions are somewhat more detailed than the 
corresponding statements in the theorem. 

We would like to point out that while the statements (4) and (5) of the theorem 
look similar, their proofs are completely different. The derivative of / induces an 
isometry between the spaces of conformal structures at x and f{x), but these spaces 
are not compact. On the other hand, the Grassman manifold of the subspaces 
at X is compact, but the induced map between the manifolds at x and f{x) is 
not an isometry. This calls for different approaches. Moreover, the continuity of 
a measurable invariant conformal structure holds in greater generality. Its proof 
relies only on the statement (3) of the theorem. It holds, for example, for any 
small perturbation of a conformal Anosov automorphism, with no assumption on the 
coincidence of periodic data [71 Lemma 5.1]. In contrast, the proof of continuity of 
a measurable invariant distribution relies on the statement (1) of the theorem which 
requires the coincidence of periodic data. In fact, one may expect that a typical small 
perturbation of a conformal Anosov automorphism has simple Lyapunov exponents 
and measurable Lyapunov distributions which are not continuous. 

Proposition 4.1. Let f he a transitive Anosov diffeomorphism of a compact man- 
ifold M. Suppose that for each periodic point there is only one positive Lyapunov 
exponent (i.e. all unstable eigenvalues of the derivative of the return map have the 
same modulus). 

Then any ergodic invariant measure for f has only one positive Lyapunov expo- 
nent. Moreover, for any e > there exists Cg such that 

<Cee"l"l for all xinJA and n in Z. 
A similar statement holds for the stable distribution. 

Proof. The fact that any ergodic invariant measure for / has only one positive 
Lyapunov exponent follows from the result of W. Sun and Z. Wang: 
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[20l Theorem 3.1] Let be a d- dimensional Riemannian manifold. Let / : M — 
he a C^'^^ diff'eomorphism and let fi be an ergodic hyperbolic measure with Lya- 
punov exponents Ai < ... < A^. Then the Lyapunov exponents of fi can be ap- 
proximated by the Lyapunov exponents of hyperbolic periodic orbits, more precisely 
for any e > there exists a hyperbolic periodic point p with Lyapunov exponents 
Ai^^ < ... < aJ'^ such that I A, - X^^\ < e for i = 1, . . . ,d. 

To establish the estimate for the quasiconformal distortion K'^{x,n), we use the 
following result. 

fl8[ Proposition 3.4] Let / : M ^ M 6e a continuous map of a compact metric 
space. Let a„ : M — M, n > be a sequence of continuous functions such that 

(4.1) a„+fc(x) < an{f^{x)) + ak{x) for every x G M, n,k >0 

and such that there is a sequence of continuous functions &„, n > satisfying 

(4.2) a„(x) < anif\x)) + ak{x) + ^^(/"(x)) for every x E M, n,k>0. 

If inf„ J^andfi) < for every ergodic f -invariant measure, then there is N > 
such that aiy{x) < for every x G M. 

We take e > and apply this result to a„(x) = log K'^{x,n) — en. It is easy to 
see that the quasiconformal distortion is submultiplicative, i.e. 

i\:"(x, n + k)< ir"(x, k) ■ K"(/^x, n) for every x G M, n,k>0. 

Hence the functions a„ satisfy f l4.ip . It is straightforward to verify that 

ir"(x, n + k)> ir"(n, x) ■ (K"(rx, k))-^ 

This inequality implies a„+fc(x) > a„(x) — h^^f^x) where 6„(x) = logi^'"(x,n) +en. 
Taking into account (14.11) we obtain (14.21) . 

Since a„ satisfy (14. ip . the Subadditive Ergodic Theorem implies that for every 
/-invariant ergodic measure ix 

1 If 
lim — a„(x) = inf — / a„(i/i for /i a.e. x G M. 

Since /i has only one positive Lyapunov exponent, it is easy to see that 

lim — \ogK^{x^n) = and hence lim — a„(x) = —e < for fi a.e. x G M. 

n— >oo fl n— >oo fl 

Thus all assumptions of the proposition above are satisfied and hence for any e > 
there exists such that aN,{x) < 0, i.e. ^"(x, iV^) < e'^^= for all x G M. We 
conclude that K^{x, n) < C^e^" for all x in M and n in N, where Cg = maxii'"(x, n) 
with the maximum taken over all x G M and 1 < n < A^^. Since K'^{x,n) = 
i^"(/"x, —n) we obtain K^(x,n) < CeC^'"' for all x in M and n in Z. □ 
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Proposition 4.2. Let f be an Anosov diffeomorphism of a compact manifold M. 
Suppose that for any e > there exists such that 

K''^{x, n) < CeC^" for all x in M and n in N. 

Then the dependence of E^{x) on x is C^+^ for some f3 > 0. 
Similarly, if K'^ix, n) < Cec'" for all x e M, n e N, then E' is 

Proof. We use the C^' Section Theorem of M. Hirsch, C. Pugh, and M. Shub (see 
Theorems 3.1, 3.2, 3.5, and Remarks 1 and 2 after Theorem 3.8 in [5]). 

O C"^ Section Theorem] Let f be a C"^ , r > 1, diffeomorphism of a compact 
manifold M. Let "B be a C^' finite- dimensional normed vector bundle over M and 
let "Bi be the corresponding bundle of unite balls in "B. Suppose that F : "B B (or 
F : Bi ^ Bi) is a C" extension of f which contracts fibers, i.e. for any x G M and 
anyv,w&B{x) (resp. v^w&Bi{x)) 

\\F{v) — F{w)\\fx < kx\\v — w\\x with sup /c^: < 1- 

Then there exists a unique continuous F-invariant section of B (resp. Bi). If also 

sup k^a^. < 1 where = \\{dfx)~'^\\, 

then the unique invariant section is C". 

Since the stable and unstable distributions are a priori only Holder continuous, 
we take distributions and E'^ which are close to E"^ and E^ respectively. We 
consider a vector bundle B whose fiber over x is the set of linear operators from 
to E''^{x). We endow the fibers of B with the standard operator norm. We 
fix a sufficiently large n and consider the graph transform action F induced by the 
differential of More precisely, if A : E^{x) E'^{x) is in B{x) and L C T^-M is 
the graph of this operator then F{A) G B{f"x) is defined to be the operator from 
to E^{f^x) whose graph is df^{L). We note that F{A) is well-defined as 
long as df^{L) is transversal to E^{f"x). Let us denote 

= min{||C"(^)ll : v e E^{x), \\v\\=l} 
m^. = min{ : v e E^{x), ||t;|| = l} 

= max{ ||c//;(f)|| : v e E'{x), \\v\\ = l}. 

In the case when 

E^{x) = E\x), E\x)=E%x), ^"(/"x) = i?"(rx), E^f^x) = E^f^x) 

map F is defined on the whole fiber B{x) and F^ : B{x) B{f"x) is the linear map 

F,{A) = df:\Es(,) o A o {df^\Eu(^,))-\ with < MJI, < 1. 

In particular, Frc{Bi{x)) C !Bi(/"x). Clearly, the same inclusion holds if E"^ and E^ 
are close enough to E"^ and E^ respectively. Thus F : Bi ^ Bi is a well-defined 
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extension of /. In general, Fx : — !Bi(/"x) is an algebraic map which 

depends continuously on the choice of E'^ and at x and /"a;. Thus by choosing 

and E^ sufficiently close to E'^ and E^ one can make F^. sufficiently C^-close to 
the linear map above. Therefore, F^. is again a contraction with ~ M^/lx- 

We will now apply the C" Section Theorem to show the smoothness of the in- 
variant section for F. By uniqueness, the graph of this invariant section is the 
distribution E^. The extension F satisfies 

K^Mx/lx<l and ax = \\{dr\x)-^\\ = l/mx 

and thus 



, ^ Mx ^_ Mx K%x,n) C,e^ 
^ ^' ^ /.mi+^ - . mf - . " C/- (inf.{m.})^ 

for some C > and / > 1. 

We can take e so small that /I < 1 and then take n so large that Cee'^"'/Cl"' < 1. 
Then the right hand side is less than 1 for some /3 > 0. Once n and (3 are chosen, we 
can take E'^ and E^ close enough to E"^ and E'^ to guarantee that sup^jg-iyf k^o}^^ < 1. 
Hence, by the C"^ Section Theorem, the distribution E"^ is C^^^ . □ 

Proposition 4.3. Let f be an Anosov diffeomorphism of a compact manifold M 
such that for any £ > there exists such that 

(4.3) < C^e"" and K'{x,n) < C,e"^ 

for all X inlsl and n in N. 

Then there exist C > 0, /5 > 0, and 5o > such that for any 5 < 5q, x,y & Tii 
and ra e N with dist{f ''{x), f\y)) < 5 for < i < n, we have 

(4.4) \\{df:)-'odf^-Id\\<C6^. 

To consider the composition of the derivatives we identify the tangent spaces at 
nearby points preserving the Anosov splitting as in Remark 12. 2[ Since the Anosov 
splitting is C^~^^ by Proposition 14. 2[ this identification is also C^~^^. 

Proof. We will use non- stationary linearizations along stable and unstable manifolds 
given by the following proposition. 

[T^ Proposition 4.1] Let f be a diffeomorphism of a compact Riemannian manifold 
M, and let W be a continuous invariant foliation with leaves. Suppose that 
\\df\Tw\\ < 1; ond there exist C > and e > such that for any x G M and n G N, 

(4.5) II (c^riT.iy)-' II ■ II df^lT^w ir < C(l - er. 

Then for any x G M there exists a C°° diffeomorphism : W{x) T^W such 
that 

(t)hJ^of = dfxOh^, 

(a) h^{x) = and {dhY)x is the identity map, 
(Hi) depends continuously on x in C°° topology. 
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Clearly, condition (14.31) implies (14. 5p with W = and its analogue for the 
unstable distribution. Thus we obtain linearizations h^^ : W^{x) —>■ E''{x) and 
: W^i^x) E^{x). Then we construct a local linearization : T^M,, 
where is a small open neighborhood of x G M as follows: 

hx\w^{x) = K^, hxlwix) = hi, 

and for y G fl and z G W{x) fl we set 

K{[y,z]) = h:{y) + K{z), 

where [y,z] = W{^^{y) fl W^^{z). It is easy to see that h satisfies conditions (i) and 
(ii). Since the maps h'l and /i" are C°° and the local product structure is C^~^^, the 
maps hx are C^^^ with uniform Holder constant for all x. 

Since the differential dfx is the direct sum of the stable differential df\E!>{x) and the 
unstable differential df\E^(x), it suffices to prove the proposition for these restrictions. 
We will give a proof for the unstable differential, the other case is similar. 

If 6o is small enough, there exists a unique point z G W^^{x) fl Wi^^{y) with 

dist(f (x), f{z)) < Ci6 and dist(f (2), f{y)) < Ci6 for < i < n. 

Thus it is sufficient to prove the proposition for x and y lying on the same stable or 
on the same unstable manifold. First we consider the case when y G W^{x). When 
considering the unstable differential this case appears more difficult, but there will 
be little difference in our argument. 

Since y G W^{x) and dist (x, y) < S we obtain dist (/"x, /"?/) < 6 ■ C27" for some 
positive 7 < 1. Using the linearizations hx and hf^x we can write in a neighborhood 
of X 

r = ihfn,)-'odf:ohx. 

Differentiating at y we obtain 

dfy = {{dhfu^)fuy)-^ o df^ o {dhx)y 

and restricting to 

(4.6) dP\E^{y) = {{dhf,^x)\E^{f"y)) ° dP\E^{x) ° {dhx)\E^{y)- 

Since the linearizations are C^^^ we obtain that 

{dK)u, = Id + i? with ||i?|| < C3 dist (2, wf 
for all 2; G M and all w close to z. Therefore we can write 

(4.7) ((i/i/n2.)|£;^,(jny) = Id + i?i and {dhx)\E^{y) =ld + R2, 
where 

(4.8) ||i?2|| < dist(x, yf < C3 
and 

< C3dist(rx,ri/)^ < CsiC26r)f' < ^4(5^^ 
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We also observe that 

(4.9) {{dhfn,)\Eu^fny)y^ = (Id + Ri)-' = ld + R3 with 

(4.10) ||i?3|| < , "^^J II < 

i — ll-fii II 

provided that ||-Ri|| < 1/2. Combining (14. 6p . (14. 7p . and (14. 9p . we can write 

(driEH^))-' o t/ru.(,) = (rfru.(,))-^ o (h + n^) o rfru.(,) o (h + R2) 

= U + R2 + (driEHx))'' O ^3 O driE^i.) O (Id + R2) 



Therefore, we can estimate 



\\{dr\EH,.)-'odr\Eu^y.-id\\ < 



\E^{x)) " «/ \E^{y) 

\\R2\\ + ii(rfrU"w)^i ■ iii?3ii • iMrU"wii ■ pd+i?2ii 

We note that || (rf/"U«(xo)~i ■ IM/"|s"(xoll < i^"(x,n) < C^e^". Finally, using esti- 
mates (14. 8 p and (I4.10p for II-R2II and H-RsH, we obtain 

||(rfrU"(x))-' o rfrU.(,) - Id|| <C3Sf' + ■ C.e^" ■ (1 + C,6'') 

If £ is chosen sufficiently small so that |7^e^| < 1, then the term 7^" ■ CeC^" is 
uniformly bounded in ra. So we conclude that 

WidriE^i,))-' o driE^^y) -id\\ < 0,5". 

To complete the proof of the proposition it remains to consider the case when 
y e W^{x). We use the same notation as in the previous case and indicate the 
necessary changes. In this case we have dist (/"x, /""y) < 6 and dist (x, y) < 6 ■ C27" 
for some positive 7 < 1. Therefore, 

(4.11) ||i?3|| < , ^^^^l II < 2C3 5^ and ||i?2|| < Csdist{x,y)^ < Cg^V"- 

1 — ll-Tll II 

Now we can write 

driE^iy) o (driEH^))'' = (Id + R3) o driE^i.) o (h + R2) o (driEH^))-' 

= Id + i?3 + (Id + R3) O (drlEH^))-' O R, O dr\Eu(,y 

Finally, using the new estimates (14. lip for II-R2II and II-R3II, we obtain similarly to 
the previous case that 

WdriEHy) ° idriEH',))-' " Id|| < CrS^. 

This estimate clearly implies a similar Holder estimate for \\idf"'\E^(x))~^ °df"'\E^{y) — 
Id 1 1 and concludes the proof of the proposition. □ 
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Proposition 4.4. 

(i) Let f be a a transitive Anosov diffeomorphism of a compact manifold M and 
let E he a Holder continuous invariant distribution. Suppose that there exist k > 0, 
Sq > 0, and j3 > such that for any S < Sq, x,y ^ M. and n G N such that 
dist{f\x), f\y)) < 6 for < i < n, 

II (df^'lEi.))"' o (df^lE^y)) - Id\\ < kd". 

Then any f -invariant measurable conformal structure on E is Holder continuous. 

(a) If f is as in Theorem \2.1\ then any f -invariant measurable conformal structure 
on (E') IS C\ 

Remark. As follows from the proof, the measurability of the conformal structure 
in this proposition can be understood with respect to any ergodic measure fi with full 
support for which the local stable (or unstable) holonomies are absolutely continuous 
with respect to the conditional measures on local unstable (or stable) manifolds. 
Note that invariant volume, if it exists, satisfies these properties, and so does the 
Bowen-Margulis measure of maximal entropy, which always exists for a transitive 
Anosov diffeomorphism /. More generally, these properties hold for any equilibrium 
(Gibbs) measure corresponding to a Holder continuous potential. 

Proof, (i) In this proposition we identify spaces E{x) and E{y) at nearby points 
X and y as in Remark 12.21 Since the distribution E is Holder continuous, the 
identification is also Holder continuous, and hence df\E is Holder continuous with 
respect to the identification. The identification allows us to conveniently compare 
differentials and conformal structures at different points. 

For X e M, we denote by t{x) the conformal structure on E{x). First we estimate 
the distance between the conformal structures at x and at a nearby point y G W^{x). 
We use the distance described in Section [3T3l Let Xn = f^{x), yn = f"'{y), and let 
be the isometry from C(/"a;) to C(x) induced by df'^\E{x)- Since the conformal 
structure r is invariant, t{x) = F^{T{xn)) and r(?/) = Fy ^r^yn))- Using this and 
the fact that is an isometry, we obtain 

dist(r(a;),r(y)) = dist (F;(r(x„), F;(r(y„))) 

< dist (F;(r(x„),F;(r(x„))) +dist (F;(r(x„), F;(r(t/„))) 

= dist (r(x„), ((F;)-i o F;)(r(x„))) + dist (r(x„), r(y„))) . 

Let /i be an invariant measure as in the proposition or the remark after it. Since 
the conformal structure r is measurable, by Lusin's theorem we can take a compact 
set 5 C M with fi{S) > 1/2 on which r is uniformly continuous and bounded. 

First we show that for Xn E S the term dist (r(a;„), ((F")~-^ o F^)(r(x„))) is 
Holder in dist(x, y). For this we observe that the map (F")~^ o Fy is induced 
by (df^)'^ o d/" and || (df^)'^ o rf/" - Id || < A; ■ dist(x, y^. Let A be the matrix of 
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mr^odfl Then 

A = Id + i?, where < k ■ dist(a;, yY . 

Let C be the matrix corresponding to the conformal structure r(x„). Recall that C 

is symmetric positive definite with determinant 1. Thus there exists an orthogonal 
matrix Q such that Q^CQ is a diagonal matrix whose diagonal entries are the 
eigenvalues Aj > of C . Let X be the product of Q and the diagonal matrix with 
entries l/^Ai■ Then X has determinant 1 and X[C\ — X'^CX — Id. Now we 
estimate 

dist (t(x„), ((F;)-i o F;)(t(x„))) = dist (C, A[C]) = dist (Id, X[A[C\]) 
= dist (Id, X^A^CAX) = dist (id, X^(Id + R^)C{ld + 
= dist (Id, Id + 5), where B = X^CRX + X^R^CX + X^R^CRX. 

We observe that \\B\\ < 3\\Xf ■ \\C\\ ■ \\R\\ and ||Xf < H^-^, as follows from the 
construction of X. Since the conformal structure r is bounded on S, so are ||C^^|| 
and ||C||, and hence 

ll^ll < ^C-^\\ ■ \\C\\ ■ \\R\\ < Ski\\R\\ < 3kik ■ dist{x, yf = k2 ■ dist(a;,|/)^ 

In particular, \\B\\ is small if dist{x,y) is sufficiently small. Finally, for Xn & S we 
obtain 

dist(T(x„),((F;)-^oF;)(T(x„))) =dist(Id,Id + S) < A;3||S|| < A;4-dist(x,y)^ 
where constant depend on the set S. We conclude that if x„ is in S then 

dist(r(a;),r(|/)) < dist (r (x^), r (?/„))) + /c4 ■ dist{x,y f. 

It follows from the Birkhoff ergodic theorem that the set of points for which the 
frequency of visiting S equals A*(<S') > 1/2 has full measure. We denote this set by 
G. If both X and y are in G, then there exists a sequence (n^) such that a;„. e 5" and 
y„. e S. If in addition x and y lie on the same stable leaf, then dist(a:;„., — > 
and hence dist(T(x„.), T(y„.)) — > by continuity of r on S. Thus, we obtain 

dist {T{x),T{y)) < F •dist(x,?/)^. 

By a similar argument, dist (T(a;), t(^)) < /c" • dist(a;, 2;)^ for any two nearby points 
x,z & G lying on the same unstable leaf. 

Consider a small open set in M with a product structure. For // almost all local 
stable leaves, the set of points of G on the leaf has full conditional measure. Consider 
points x,y E G lying on two such stable leaves. Let H^^y be the unstable holonomy 
map between W^{x) and W^{y). Since the holonomy maps are absolutely continuous 
with respect to the conditional measures, there exists a point z e W^{x) fl G close 
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to X such that Hx^y{z) is also in G. By the above argument, 

dist(r(x), t{z)) < ■ dist(x, z)^, 
dist(r(z), T{H^^y{z))) < P ■ dist(2, H^^y{z)f, and 
dist{T{H,^y{z)),T{y)) < ■ dist{H,^y{z),y)''. 

Since the points x, y, and z are close, it is clear from the local product structure 
that 

dist(x, zf + dist(z, H^,yiz)f + dist{H^^y{z),yf < k^ ■ dist(x, yf. 

Hence, we obtain dist(r(x), r(y)) < k^ ■ dist(a;, y)^ for all x and y in a set of full 
measure G C G. _ 

We can assume that G is invariant by considering f]^_^ f^{G). Since /i has full 
support the set G is dense in M. Hence we can extend r from G and obtain an 
invariant Holder continuous conformal structure r on M. This completes the proof 
of the first part of the proposition. 

(ii) Let r be a measurable conformal structure on By (i) it is Holder con- 
tinuous, and we can show that it is actually smooth as follows. First we note that 
by Lemma 3.1 in [T9j the conformal structure r is C°° along the leaves of W^. The 
lemma shows that the C°° linearization '■ W'^{x) E'^{x) as in Proposition 14.31 
maps r on W^lx) to a constant conformal structure on E^. 

By Proposition 14.21 the distributions E"^ and E^ are C^~^^. Theorem 1.4 in [T9] 
implies that r is preserved by the stable holonomies, which are G^^^ (in fact they 
are G°° for dimii^" > 2). Thus r is smooth along the leaves of W^. Now it follows 
easily, for example from Journe Lemma [6], that r is at least G^ on M. □ 

Proposition 4.5. Let f be a volume-preserving Anosov diffeomorphism of a com- 
pact manifold M. Suppose that for each periodic point p there is only one positive 
Lyapunov exponent A^'' and only one negative Lyapunov exponent X^^K Then any 
measurable measurable f -invariant distribution in E^ (E'^) defined almost every- 
where with respect to the volume is G^ . 

Proof. Let be a fc-dimensional measurable invariant distribution in E'^. We con- 
sider fiber bundle M over M whose fiber over x is the Grassman manifold G^ of 
all fc-dimensional subspaces in E^{x). The differential dfx induces a natural map 
Fx '■ Gx G fx and we obtain an extension / : M ^ M of our system / : M — > M 
given by f{x,V) = {f{x),Fx(y)) where V G Gx- Thus we have the following com- 
mutative diagrams where vr is the projection. 

M ^ M TM ^ TM 

i TT I TT I dn I dn 

M M TM ^ TM 
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We note that since the distribution E"^ is C^^^ by Proposition 14.21 the diffeomor- 
phism / is also C^~^^. 

Let E'^ be the distribution in TM tangent to the fibers, i.e. E'^ = kerdn. Clearly, 
E'^ is invariant under df. 

Lemma 4.6. There exists C > such that for any x G M, n E^L, and £ > 

(4.12) IMrb-(i)|| < C ■ K''{x,n) < C ■ C,e"l"l, where x = 7r(x). 

Proof. Let w and v be two unit vectors in E^{x). We denote D = df^. Using the 
formula 2 < Dw, Dv >= + ||-Df |P — \\Dw — DvW^ for the inner product, we 

obtain 

(2 sm{Z{Dw, Dv)/2) f = 2(1 - cos Z{Dw, Dv)) = 

2 2 < Dw,Dv > _ 2\\Dw\\ ■ \\Dv\\ - \\Dwf - \\Dvf + \\Dw - Dvf _ 

\\Dw\\ ■ \\Dv\\ W^'^W ■ \\Dv\\ 

\\Dw - DvP - (\\Dw\\ - \\Dv\\)'^ \\Df-\\w~vf „ „2 



\\Dw\\ ■ \\Dv\\ • ll-D'^l, 

Suppose that the angle between the unit vectors w and v is sufficiently small so 
that it remains small when multiplied by K'^{x,n). Then we obtain that the angle 
Z{Dw,Dv) is also small and 

Z{Dw,Dv) < 2K'^{x,n) ■ Z{w,v) 

Therefore, for any subspaces V,W E we have 

dist(F^"(\/), F^{W)) < 2if"(x, n) ■ dist(V, W) 

where the distance between two subspaces is the maximal angle. This means that 
expands the distance between any two nearby points in the fiber Gx at most by a 
factor of 2K^{x, n). We note that the maximal angle distance is Lipschitz equivalent 
to any smooth Riemannian distance on the Grassman manifold. It follows that there 
exists C > such that for any x e M and any > 

IMriE^(.)ll < C ■ K^inix), n)<C- G,e^'\-\, 

where the last inequality is given by Proposition 14.11 The case of n < can be 
considered similarly. □ 

We define distributions E'^'^ = dTT^^{E^) and E'^'^ = dj^^^^E'^). It follows from 
the commutative diagram that E'^'^ and E^^ are invariant under df . Note that 

Lemma 4.7. f is a partially hyperbolic diffeomorphism. More precisely, there exists 
a continuous df -invariant splitting 



(4.13) 



TM = © © E\ 
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where the unstable and stable distributions and are contained in E"^^ and E^'^ 
respectively and are expanded/ contracted uniformly by f. The expansion/contraction 
in E'^ is uniformly slower than expansion in E^ and contraction in E^ . 

Proof. We fix a continuous distribution H such that E^^ = E^®H. We can identify 
H with E'^ via dvr and introduce the metric on E"^^ so that the sum is orthogonal. 
We consider fiber bundle S whose fiber over x G M is the space of linear operators 
L3. : H{x) — *■ E'^[x) equipped with the operator norm. The differential df induces 
via the graph transform the natural extension Fx : !B(x) — >■ of /. It is easy 

to see that F^ is an affine map. Lemma 14.61 implies that the possible expansion 
in E'^ is slower than the uniform expansion in if = E"^. Similarly to the proof of 
Proposition 14. 2[ this implies that F is a uniform fiber contraction. Hence it has a 
continuous invariant section whose graph gives a continuous df invariant distribution 
which we denote E"^. Since dir induces an isomorphism between E^ and E'^ which 
conjugates the actions of df and df, we conclude that df uniformly expands -E". 
The distribution E'^ is obtained similarly. □ 

The theory of partially hyperbolic diffeomorphisms gives the existence of the un- 
stable and stable foliations W"^ and W'"^ with smooth leaves tangential to the 
distributions E"^ and E'"^ respectively. The leaf W'^{x) is contained in the corre- 
sponding center-unstable leaf W^'^{x) = n^^ilV^i^x)), where 7i{x) = x, and projects 
diffeomorphically to W^lx). Similarly, W'^{x) is contained in W''^'^{x) = 7i^^{W''^{x)) 
and projects diffeomorphically to W'^{x). 

The measurable /-invariant distribution E gives rise to the measurable /-invariant 
section : M — M, = (x, E{x)). We will show that is C\ and hence so is 

E. Let /i be the smooth /-invariant volume on M. We denote by the lift of /i to 
the graph $ of 0, i.e. for a set X C M, ft{X) = fi{ii{X fl $)). Since fj, is /-invariant 
and $ is /-invariant, the measure fl is also /-invariant. 

Now we consider Lyapunov exponents of ft. Lemma S]6] implies that the Lyapunov 
exponent of any vector in E"^ is zero. The uniform contraction in E'^ and expansion 
in E"^ now imply that the partially hyperbolic splitting fl4.13p coincides with the 
Lyapunov splitting into the unstable, neutral, and stable distributions for /i. 

We recall that by the Ruelle inequality the entropy of any ergodic measure invari- 
ant under a diffeomorphism is not greater than the sum of its positive Lyapunov 
exponents counted with multiplicities. It is well known that the inequality is, in 
fact, equality for an invariant volume. Thus 

hfiif) < sum of positive exponents of fl, 
hfji{f) = sum of positive exponents of /i. 

Lemma implies that ||(i/"i_gi«c(^) || < ||(i/"|£;«(^)|| and hence the largest Lyapunov 
exponent of fl is not greater than that of /x. By Proposition 14.11 /x has only one 
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positive exponent, and since dimi?" = dim^" we obtain 

(4.15) sum of positive exponents of ft < sum of positive exponents of /i. 

Since (/, /i) is a factor of (/, /i) we have < hfi{f). Combining this with fl4.14p 

and fl4.15p we conclude that 

hfiif) < sum of positive exponents of /i 

< sum of positive exponents of /i = < hfi{f), 

and hence all the inequalities above are, actually, equalities. In particular, 
equals the sum of the positive exponents of fl. This implies [HI Theorem A] that 
the conditional measures on the unstable manifolds of / are absolutely continuous 
with positive densities. We note that the smoothness assumption for the dif- 
feomorphism in that theorem is only used to establish that the holonomies of the 
unstable foliation within a center-unstable set are Lipschitz. Since / is C^^^ par- 
tially hyperbolic and dynamically coherent diffeomorphism satisfying Lemma 14.61 
these holonomies are in fact [H Theorem 0.2]. Similarly, we establish that the 
conditional measures on the stable manifolds of / are absolutely continuous with 
positive densities. We show below that the local product structure given by folia- 
tions and on M lifts to the local product structure on the graph $ in M given 
by foliations W"^ and W'^, which easily implies the proposition. We note that the 
absolute continuity of the conditional measures seems essential for this argument. 

For a point x in M we will denote by x the unique point on the graph $ with 
7r(x) = X. The absolute continuity of the conditional measures implies that for a 
/i-typical point x almost every point y with respect to a volume on the local stable 
leaf W{^^{x) is also typical with respect to fl. The projection of the set of such 
points y has full measure in the local stable leaf Wf^^^x) with respect to a volume 
on this leaf, which is equivalent to the conditional measure of /x. This means that 
for a /x-typical point x the leaf W{^^{x) is essentially contained in the graph $. More 
precisely, there is a set X in M with /x(X) = 1 such that if x,z E X and z G W{^^{x) 
then z G W{^^{x). We can also assume that X has a similar property for the unstable 
leaves. 

Consider nearby points x,y E X. Absolute continuity of the unstable holonomies 
for / gives the existence of points Zi, Z2 E X such that zi G W{^^{x), z^ G W^^Jyy), 
and Z2 G Wi^JyZ}). By the property of X the corresponding lifts satisfy Z\ G W^^X^^i 
^2 £ W^ioc(l/)' ^2 £ W^ioc(^i)' ^ ^^"^ y "^^^ t)e connected by local sta- 
ble/unstable manifolds. Since these manifolds are graphs over the corresponding 
manifolds in M, we conclude that dist(x, |/) < C ■ dist(x, y). This implies that the 
graph $ and the section are Lipschitz continuous (up to a change on a set of 
measure zero). Moreover, the graph of restricted to W^[x) is the manifold W^'^(x), 
and hence the restriction is . Similarly, the restriction of to W^ix) is for 
any x G M. It follows, for example from Journe Lemma [6], that is on M. □ 
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This completes the proof of Theorem 12.11 

4.2. Proof of Theorem l2.3i We will use the following particular case of Zimmer's 
Amenable Reduction Theorem (see [H Theorem 1.6 and Corollary 1.8]): 

[1] Let A : X GL{n,M.) be a measurable cocycle over an ergodic transformation 
T of a measure space {X,fi). Then A is measurably cohomologous to a cocycle B 
with values in an amenable subgroup of GL^n,]^.) . 

Corollary 4.8. Let f be a diffeomorphism of a smooth manifold M preserving an 
ergodic measure fi and let E be a 2-dimensional measurable invariant distribution. 
Then the restriction of the derivative df to E has either a measurable invariant 
one- dimensional distribution or a measurable invariant conformal structure. 

Proof. We apply the Amenable Reduction Theorem to restriction of the derivative 
cocycle to E. In the case of = 2 any maximal amenable subgroup of GL(2,]R) is 
conjugate either to the subgroup of (upper) triangular matrices or to the subgroup of 
scalar multiples of orthogonal matrices. The former subgroup preserves a coordinate 
line, the latter subgroup preserves the standard conformal structure on R^. The 
measurable coordinate change given by the cohomology gives the corresponding 
measurable invariant structure for df\E- □ 

We will now show that / is uniformly quasiconformal on i?" and E^ . The corol- 
lary above applied io E = E^ yields either a measurable invariant one-dimensional 
distribution in E"^ or a measurable invariant conformal structure on E"^. In the latter 
case Proposition 14.41 implies that the conformal structure is continuous. If follows 
that / is uniformly quasiconformal on E^. 

If there is a measurable invariant one- dimensional distribution in E"^ then it is 
continuous by Proposition 14. 5[ For any periodic point p this gives an invariant line 
for the derivative df'"'\E^(p) of the return map. This implies that the eigenvalues of 
df^\E^(p) are real. Hence, by the assumption of the theorem, they are either A, A or 
A, — A. In the former case we have df^\E^{p) = A ■ Id which preserves any conformal 
structure on E^{p). This implies uniform quasiconformality of / on E^ (see [H 
Proposition 1.1], [13]). The case A, —A is orientation reversing and can be excluded 
by passing to a finite cover of M and replacing / by its power. Note that uniform 
quasiconformality of a power of / implies that of /. 

We conclude that / is uniformly quasiconformal on E^. Similarly, / is uniformly 
quasiconformal on E'^. This implies that a finite cover of / is C°° conjugate to an 
Anosov automorphism of a torus. Indeed, if M is known to be an infranilmanifold 
then [7, Theorem 1.1] stated in the introduction applies. Since / is volume preserving 
the result holds even if M is arbitrary [2, Corollary 1]. □ 

4.3. Proof of Corollary 12.41 The coincidence of the periodic data implies that 
Theorem 12.31 applies to g as well. Hence, after passing to a finite cover of M, / and 
g are C°° conjugate to automorphisms of T^. Thus it suffices to show that any two 
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Anosov automorphisms A and B of which are topologically conjugate are also 
conjugate. Let h he a. topological conjugacy, i.e. a homeomorphism of T*^ such 
that Aoh = ho B. Let H be the induced action of h on the fundamental group 'L^ 
of T'^. Then H is an integral matrix with determinant ±1, and hence it induces an 
automorphism of T*^. From the induced actions of A, B, and h on the fundamental 
group Z*^ we see that A o H = H o B. Thus, H gives a smooth conjugacy between 
A and B. In fact, H = h since the conjugacy to an Anosov automorphism is known 
to be unique in a given homotopy class [9J. □ 

4.4. Proof of Corollary 12.51 Let h be the topological conjugacy between / and 
g given by the structural stability. Suppose that / and g have two-dimensional 
unstable and one- dimensional stable distributions. We apply the approaches used 
by R. de la Llave in flUi [TT] for one- dimensional distributions and in [14j for higher- 
dimensional conformal case. There the smoothness of h is established separately 
along the stable and the unstable foliations. This implies that h is smooth on the 
manifold. 

The smoothness of h along the two-dimensional unstable foliation follows as in the 
proof of Theorem 1.1 in [T3] once we establish that / and g preserve conformal 
structures on their unstable distributions. As in the proof of Theorem 12. 3[ we 
obtain that / is uniformly quasiconformal on E^, and hence it preserves a bounded 
measurable conformal structure on E^. By (4) of Theorem 12.11 this conformal 
structure is C^. The same argument gives an invariant conformal structure for 
g. We conclude that h is smooth along the unstable foliations. The smoothness 
along the one-dimensional stable foliation can be established as in pHl [TT] . □ 
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